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A constructive procedure is proposed for constructing equations of perturbed motion convenient for investigating the orbital
stability of periodic motion in an autonomous Hamiltonian system with two degrees of freedom. An algorithm for normalizing
these equations is described, and formulae for evaluating the coefficients of the normal form are presented. The results are used
to investigate the stability of motion in certain special cases of the regular Grioli precession of a heavy rigid body with one fixed
point. © 2003 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM
Consider a system with two degrees of freedom whose motion is described by equations

dg _OH dp_ OH ,_,, (1.1)
dt ap, dt aq,
where the Hamiltonian H is independent of the time ¢.
Let us assume that the system admits of a periodic motion

g =f(), p=g(), i=12 (1.2)

Without loss of generality, we may assume that the period is 2n. We shall also assume that the
Hamiltonian is analytic in the neighbourhood of the trajectory corresponding to the periodic motion.

To investigate the motions of the system near the periodic motion, it is convenient to introduce
canonically conjugate variables &, n; (i = 1, 2), in such a way that the unperturbed motion (1.2) may
be written as

E=1+8(0), m;=£,=m,=0 (1.3)

and the Hamiltonian is 2n-periodic in &;.

The existence of such variables has long been known [1, 2], but their actual construction in specific
problems of dynamics may prove to be an extremely complicated task.

This problem is comparatively easy to solve (see, e.g. [3-5]) if the Hamiltonian of system (1.1) can
be written in the form

H=H“)(‘111P1)+ Hm(q,,qz, P P2) (1.4)

where the function H® is expressible in the form of a series in powers of ¢, and p, beginning with
terms of degree at least two. System (1.1) with Hamiltonian (1.4) has a family of solutions for which
q2 = p, = 0, and the variables p, and g; are described by equations corresponding to a system with one
degree of freedom having the Hamiltonian H".

In domains of the phase space g, p; where the motions of the system have the periodicity property
we introduce action-angle variables I and w. The periodic motion is expressed in variables / and w as

W=0)(10)t+W0, 1=10

where w(I) = dh'V/dI, hV being the Hamiltonian H expressed in terms of 7 and w. For a 2n-periodic
motion, w(fy) = 1. If we put

Er=w, ny=I-1, &=q,, ,=p,
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the periodic motion of the original system with Hamiltonian (1.4) is written in the form (1.3), and
Hamiltonian (1.4) expressed in terms of variables £; and n; will be 2n-periodic with respect to & and
analytic in &,, 1; and 1,. :

The aim of this paper is to derive a method for constructing the variables & and 7; for the general
case, when the Hamiltonian of the system does not possess the structure (1.4), and also to develop a
constructive algorithm for normalizing the Hamiltonian of the perturbed motion. As an example, we
shall investigate the stability of the regular Grioli precession of a rigid body with a fixed point in a uniform
gravitational field, in a few special cases.

2. DERIVATION OF THE HAMILTONIAN OF PERTURBED MOTION

The variables &; and n; will be introduced using a canonical univalent transformation g;, p; — &, n;. In
so doing we shall confine our attention to the class of transformations that are linear in the variables
€2, M1 and m;, characterizing the deviation of the perturbed trajectories of system (1.1) from the
trajectories of the unperturbed periodic motion (1.2). We set

g; = fi(€)) +a,(§))E; +a, (€M, +a;(Em,
1)
Pi = 8:(81) + by (§))6; + b (§ymy + b3 (€ my; i=1,2

where f; and g; are the functions of (1.2), and a; and b; (i = 1, 2;j = 1, 2, 3) are unknown 2n-periodic
functions of &;, to be chosen in such a way that transformation (2.1) is canonical univalent.

Let S = S(&y, &,, p1, p2) be the generating function of transformation (2.1). The relation between the
old variables and the new is given by the equalities

aS 98

R ==, i=1, 3

Since the substitution (2.1) is linear with respect to &, n; and n,, the generating function must be a
second-degree function in these variables, in which the coefficients of the second-degree terms are
constants. Let us write the function S as

S= CIEJ% +06p +c36opy + C4P12 +C¢spipy +C6P% +85:82 + 5,9y + 53y + [ 5046,

where ¢y, ¢,, ..., ¢g are constant coefficients and sy, 54, 55, 53 are 2n-periodic functions of &,.
Having solved Eqs (2.2) for the variables g, ¢,, p;, p2 and substituted the resulting expressions into
the left-hand sides of (2.1), we find that

S0 = (Cagl +C58182 +¢683) ~ Fi8y — F3820 5 =~C281 — 28y
(2.3)
2= fi =248 - €582, 3= fo —Cs81 — 2¢68
and the following expressions are found for the coefficients a; (&), b; (§,) of transformation (2.1)
ay =) A7l e f/ - &3, fii - 2eics — eacs + 165 —c3ey)gsi)
ap =—(-1*! A_le4—i' a3 = O VA (csfi=2¢p40if5-i — €683-)
by = (=D A7 Qe f; + erg] + €-i85) _ (2.4)
b =D&y, by = (DA + s+ 265-283-4)

where
€, =203 —20\C5, €5 =C3Cs5 —2CyCq, €3 =CyCs —2C3C,
2 2
e, =c3 ~4cic,, €5=c3—4cicq, €= c§ —4c4cq (25)

A=c3fi~crfy +esg ~e.8)
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The prime denotes differentiation with respect to &;.

The change of variables (2.1) that we have obtained contains six arbitrary constant parameters c,
¢y ..., ¢g. The choice of these parameters when solving specific problems is governed by the condition
that the quantity A, defined by the last formula of (2.5), should not vanish for 0 < &; < 2m.

Example 1. Suppose one of the phase coordinates in periodic motion (1.2), say g,, is a monotone function of time
(f1(t) # 0). In that case the transformation g;, p; — &;, n; may be obtained by setting ¢; = 1 in formulae (2.4) and
equating the other five parameters ¢; to zero. Then the change of variables (2.1) will be

n=hHE) 2=HE)+E;
2.6)
P =g &N+ My + 8382 - fima), b =g(§1)+m,

Remark. 1t is not hard to verify that transformation (2.1) can be expressed as a composition of two canonical
univalent changes of variables. In the first transformation g;, p; = Q,, P;, we introduce a new coordinate

Q=g —aq2+e3py~erpy
The second transformation Q;, P; — &, n; is analogous to transformation (2.6).
Example 2. Suppose for the periodic motion (1.2) f,(t) + g,(t) # 0. Applying the transformation
Q=q+p, Qr=q2+p, R=p. B=p
followed by a transformation similar to (2.6), we obtain the following transformation (2.1)
4 =hEG) - @ =HE)~(F+8)7 Iy = & - (f+8)my)
2.7
Pr=a1G)+(f+83)7' Iy + 8582 - (f +gima). Py =g2(E)+m,
In terms of variables &; and n,, the unperturbed periodic motion (1.2) is written in the form of Egs (1.3).
To obtain the Hamiltonian of the perturbed motion I" = I'(§y, &;, 11, ;) from the Hamiltonian H(g,,
q2 P1, p2) of the original system (1.1), the variables of ¢; and p; must be replaced by their expressions

in terms of & and m; as in formulae (2.1).
The function I may be expanded in a convergent series in powers of n;, &, and 1,

F=0++0+. +T +... (2.8)

where we have omitted an unimportant additive constant, equal t(l) the value of the Hamiltonian for
the unperturbed motion (1.2), and T} is a form of degree k in |n,] %, &, and 1,, with

0 =m+0,E;m &) G=wiEnp EM + 9382, M2, &)
2.9)
Ty = xEME + W2 M EDMy + 948, My, §))

where x(&,) is a 2n-periodic function of &;, ¢,, and y,, are forms of degree m in &, and n, whose
coefficients are 2n-periodic functions of &,.

The Hamiltonian (2.8) is convenient for investigating trajectories of system (1.1) close to trajectories
of the unperturbed periodic motion (1.2) [6]. In particular, the problem of the orbital stability of (1.2)
is equivalent to the problem of the stability of the system with Hamiltonian (2.8) relative to perturbations
of 1jy, &, and n.

3. NORMALIZATION OF THE HAMILTONIAN. FORMULATION OF
THE CONDITIONS FOR ORBITAL STABILITY AND INSTABILITY

Corresponding to the linearized equations of perturbed motion we have the Hamiltonian I',, defined
by the first expression of (2.9). Two multipliers of these equations equal unity; the other two are the
roots of the equation
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p?-2ap+1=0 ‘ (3.1)

where 2a = x;;(21) + x2(2m), and x;(2n) are elements, evaluated at §, = 2, of the matrix X(§,) of
fundamental solutions (X(0, 0) = E, where E is the 2 x 2 identity matrix) of a linear system whose
coefficients are 2n-periodic in the independent variable &,

d&, dp, dn, d9, 3.2

where @, is the part of I'; that is quadratic in &, and 7),.

Normalization of the Hamiltonian (2.8) is achieved differently, depending on the value of a.

If |a| > 1, Eq. (3.1) has one multiplier whose absolute value exceeds unity. Then the unperturbed
periodic motion is orbitally unstable by Lyapunov’s theorem on stability in the first approximation [7].

If |a| = 1, Eq. (3.1) has multiple real roots p; = p, = 1 (ifa = 1) or p; = p, = -1 (if a = ~1). In the
general position, the matrix X(2) cannot be diagonalized and, consequently, the unperturbed periodic
motion is orbitally unstable in the first approximation. A rigorous solution of the stability problem in
this case requires and examination of the non-linear equations of the perturbed motion. In a previous
paper [8] a constructive algorithm for normalizing the Hamiltonian of perturbed motion (2.8) in the
case |a| = 1was developed, and also conditions for orbital stability and instability were obtained. The
normalized Hamiltonian has the form

H=n+ V28y§ + kwxg +kygx,n + k,‘oxg + kzoxzzr, + koorlz + O; (3.3)

where k;; are constants, and Os, is a series beginning with terms of degree at least five in |ry| "2, x; and
y2, whose coefficients have period 2n (if a - 1) or 4n (if a = -1) relative to the coordinate w, corresponding
to momentum ry. The number & in (3.3) is 1 or -1, its actual value being determined when normalizing
the linear system (3.2). Formulae for the coefficients of the normal form (3.3) were presented in [8].

Theorem 1. If the coefficient k3, of the normal form (3.3) does not vanish, or if k3) = 0 but dkyy < 0,
then the periodic motion is orbitally unstable.

Theorem 2. If the coefficient k5, of the normal form (3.3) vanishes, but at the same time 8k > 0,
then the periodic motion is orbitally stable.

Now let Ja| <_1. In that case the roots of Eq. (3.1) are distinct and of absolute value unity:
py = 2™ o, = ¢ where A is a root of the equation

cos 2 =a (3.4)

In specific problems, the non-uniqueness in the value of A in this equation may often be eliminated
by considering limiting cases in which the quadratic form @, in (2.9) has constant coefficients. In such
limiting cases, |A| will be the frequency of small oscillations and is easily evaluated. Then, taking into
account that the characteristic exponents are continuous functions of the parameters of the problem,
one can uniquely determine A from Eq. (3.4).

Normalization of the quadratic part of Hamiltonian (2.8). Suppose the characteristic exponents *iA,,
of system (3.2) have been found. Set x = xy, (2n) sin(2ntA, ), 0 = sign x, A = OA,, and make the change
of variables &, &, N1, N2, = Uy, Uy, vy, v, defined by the formulae

Er=w, My =vy+ 1 2Mud +03) = Qplmyuy +map s, myy + 0y, &) (3.5)
So=mylly +my, My = ngiy + 0y
The matrix N(u;) of the coefficients n;; of this transformation is defined by the following equalities
N= G,X(u, )PQ(u])
c O cosAw, —sinAy,
P = -1 Q =i .
c sinAy, coshuy

G, =sign(sin2xA,), c=x,(2N)|x% |'l 12 d=(cos2mh— xR % |'”2
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Transformation (3.5) is canonical, univalent and 2n-periodic in u;. After making replacement (3.5) one
can write Hamiltonian (2.8) in the form
F=R+K+F+. . +F+.. (3.6)
By =vy + iMug +03), B = fillg,vg, )0 + fi(g,0 5, )
Fy = xu)ui + fug.0 )01 + fu(ug,0 2, 4y)

where f is a form of degree k in u, and v, whose coefficients are 2n-periodic functions of u,

S fuuupl

vip=k

Derivation of the normal form up to terms of degree four inclusive. The terms of the third and fourth
degree in Hamiltonian (3.6) will be normalized by the Deprit-Hori method [9, 10]. A canonical
normalizing transformation u;, Uy, u;, U, — wy, 1, ¢, P2 can be obtained close to the identical
transformation

ul=Wl+..., v,=r1+..., Uy =42+"'v Uy =p2‘+‘...

where the dots stand for convergent series in powers of r, g; and p, whose coefficients are 2n-periodic
functions of w;.

The normal form of the Hamiltonian will be different, depending on whether there is resonance of
order 3 or 4 (i.e. whether one of the quantities 3A or 4A is an integer k) or whether there is no such
resonance.

Without dwelling on the rather cumbersome calculations, we shall present the final form of the
formulae necessary to compute the normal form. We introduce the notation

di0()=2f10, Yiol)=2fy, B3 =fo3-fa
Y(4) = o= fi2» () ==CBfs+fu) Yuw)=3fp+ fi

l @
=7 ] (8.4, (NC0S(Y = At = 14, (sin(y — p)heldr
0

L]
m,, = % (j) [8., (1)Sin(V = AL + Y., (£) cos(v = p)Asldt

T = 2hyy () + my, (2R)ctg(v — p)mA] - Ly, (27)
Sy = 2myy (w)) = Iy, (27) ctg[(v ~ p)RA) - m,,, (27)
Uy = W1y, cos(V = Ay + 5, sin(v - Ay
vy == %ln, sin(v -y, - Syp €OS(V = Ay, ]
dy = fioVio — Johor Ay ==2(figkz; + forvar)
dyg = fro —3Avio —3uy,  doy = foy +3Muo —3vy,
If there are no resonances of order 3 and 4, the normalized Hamiltonian is
H =1 +An +cpr’ +61in +cgpri +0s (3.7)

In (3 7 (and later) g, = V2r, sin w,, p, = V2r, cOs w,, while Os is the sum of all terms of degree at least
five in |r|", g, and p,. The constant coefficients c; are evaluated by the formulae

co=(+dy) c=fo+fn-fi "ﬁn +8y10 + Yo 1o +dyy — 2Mdy)
cop = Y5(3fao + fro +3fos — My — Y 39u3p + 983039 +
+ 85, (for = Mugg +3v21) = Y21 (fio + vy +3uy))
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The symbol (g) denotes the average of a 2n-periodic function g(u) over a period.
Let

D=C2012 -CHX'FCM (38)

Theorem 3 (Arnol’d-Moser) [11]. If D # 0, the periodic motion is orbitally stable.
For resonance of order there, 3\ = k, we have the following normal form for the Hamiltonian of
perturbed motion

H = 1, + Ay + 1y [y (030 Sin(3w,, ~ kw, ) + Byg cos(3wy ~ kwy)]+ 0, (3.9)
2 :
(!30 = —-\/2;_(830 sin kul + Y3O C_os ku] )v BSO = {2-<830 Ccos k“l - 730 sin kul)

Theorem 4 [10]. If at least one of the coefficients o5 or B39 of the Hamiltonian (3.9) does not vanish,
the periodic motion is orbitally unstable.
For resonance of order four, 4A = k, the normal form will be

H =1+ hny + e’ + eyt + ooty +
+ 1[040 Sin(4w, — kwy) + B g cOs(dw, — kw; )]+ O; (3.10)
The quantities c;; in (3.10) are evaluated like those in the normal form (3.7), but
Oy == Y4 (Oypsinku; — Y49 cosku)), Pag = Y5(C4p coskuy + Y40 sin kuy)
Oa0 = fao = Jo2 + foa = Y30dao ~ B3odos + M fiokso —~ forvs) — HB21v30 +Y21430)
X40 = fis = fa1 = 830840 + Y3004 = 6A(fiov30 + fork30) = 3(21k30 ~ Ya130)

Theorem 5[10}. If |D|> ody + B2y, the periodic motion is orbitally stable. If the inverse inequality
holds, the periodic motion is orbitally unstable.

4. ANALYSIS OF THE STABILITY GRIOLI PRECESSION
IN TWO SPECIAL CASES

Let us consider the motion of a rigid body with a fixed point O is a uniform gravitational field. The
weight of the body is mg and the distance from its centre of gravity to the fixed point is /. Suppose the
fixed point has been chosen so that

XopVB-C=%+VA-B, 7, =0, A>B>C 4.1)

where %, ¥ Zo are the coordinates of the centre of gravity in a system of coordinates OXgjyZo whose
axes are the principal axes of inertia of the body for the fixed point, 4, B and C being the corresponding
moments of inertia. Conditions (4.1) mean that the body possesses no dynamic symmetry, while the
centre of gravity lies on the perpendicular to a circular section of the inertia ellipsoid constructed from
the fixed point.

Grioli showed [12] (see also [13-16]) that, if condition (4.1) is satisfied, the body may precess regularly
about an axis other than the vertical. The angle 3 between the axis of precession and the upward vertical
is uniquely defined by the values of the principal moments of inertia

J(1-6,)®, -6,)

1-6,+6,

X =arctgh, b=

where 6, = B/4 and 0, = C/A are non-dimensional parameters. In the 6,, 6, plane, the domain of their
admissible values (0 < 6, < 8, < 1; 8, + 8. > 1) is a right-angled triangle with vertices (Y2, 12),
(1, 1) and (0, 0).

In Grioli precession, the centre of gravity of the body lies on its spinning axis, and the angle between
the axes of the fixed and non-fixed avoids is a right angle. The angular velocities of precession and
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spinning are the same, both equalling a number n that depends solely on the mass geometry of the
body

ol = mgl
J(A=BYB-C)+(A-B+c)?

The motion of the body corresponding to regular Grioli precession is periodic: in a time 2n/n the
body returns to its initial orientation in absolute space, and at the same time the angular velocity vector
takes its initial value.

The algorithms of Sections 1-3 have been used to solve the problem of the stability of Grioli
precession. The results will be presented below for two special cases. Incidentally, some questions relating
to the stability of Grioli precession have been considered before [17-19].

We introduce a trihedron Oxyz rigidly attached to the body, obtained from the trihedron Ofg¥yZ, by
counterclockwise rotation about the Oy, axis through the angle o = arctg(¥y/Zp). The Oz axis passes
through the body’s centre of gravity. The orientation of the trihedron Oxyz is defined by the Euler angles
v, 6 and ¢. To obtain the Hamiltonian, we put

9=q, 0=q;, V=5 p,=Anp, py=Anp,, p,=Anp,

taking the dimensionless quantity T = n(t + fy), where ¢; is an arbitrary constant, as the independent
variable. Without writing down the expressions for the Hamiltonian, it suffices to note that g, is a cyclic
coordinate, and that Grioli precession is represented by the following solution of the reduced
autonomous Hamiltonian system with two degrees of freedom

costT

T . b
q = fi(t)=——+t—arctg(bsint), ¢, = f,(1)=arccos
2 Jbz +1

P =8 (t)=(1-8, +6,)(1~bcost) (4.2)
bsint

P, =g (0= [1+6,-(1-86,+8,)bcos1]
w_/l+b sin?1 ’

Stability in the case when the axis of precession is inclined to the vertical at an angle of n/4. The central
feature of this case is that in the 6,, 6, plane the curve x = n/4 divides the dornain of admissible parameter
values into two subdomains, in one of which (x < 7/4) the angle of spin ¢ in the unperturbed motion
(4.2) increases monotonically (f; > 0), while in the other (x > m/4) the derivative f; may vanish,
and the angle ¢ varies non-monotonically.

On the curve y = 7/4, the derivative f, vanishes at T = 0 and T = 2. However, the function f, + &
increases monotonically on the curve x = /4 (calculations show that on this curve f; + g > 0.5 for
any t). Therefore, by Example 2 in Section 1, the variables &; and n; may be introduced using canonical
transformation (2.7).

The part of the curve y = n/4 lying in the domain of admissible parameter values may be defined by
a single-valued function 8, = 6.(8,), with 5/6 < 8, < 1. The stability is investigated for values of 8, in
the range (5.6, 0.999). To describe the results of the computations, we mark out nine points 0% in that
range, numbering them in increasing order of the corresponding values (-),(,i) of the parameter 6,

0y’ =0.86442, 62 =0.87402, 0 =0.89662, 6" =0.90810, 6 =0.93519
8" =0.94849, 6" =097896, O =0.97936, 6 =0.99091

All the points in the range (5/6, 0.999) except for the six points Q) (j = 2, 3, 5, 6, 7, 9) are non-
resonant: at these points the number kA is not an integer fork = 1, 2, 3, 4.

In the range (9(5) 9}76)), the coefficient a in Eq. (3.1) satisfies the inequality a < -1. At the
endpoints of this range, 2A = 3, and the coefficients of the normal form (3.3) are 8 = 1, k3 = 0, kyp =
-0.00042 at the point Q©), § = -1, and k39 = 0, k49 = —0.00037 at the point Q©.

At the points 0 and Q7 there are third-order resonances 3A = 5 and 3\ = 4, respectively. The
coefficient Py in the normal form (3.9) vanishes, a3y = -0.12572 at the point 0% and o3y = -0.04245
at the point Q7).



896 A. P. Markeyev

At the point Q@ and Q® there are fourth-order resonances 4A = 7 and 4A = 5, respectively. The
coefficient g in the normal form (3.10) at these points vanishes, while ’[3 o and the quantity D defined
by (3.8) a)re equal respectively to —0.47388 and —0.14157 at the point 0¥, —0.07496 and —0.77175 at the

point Q©

In: the range (5/6, 0.999) the number D vanishes at three points: 9V, Q) and Q®.

Based on the material of Section 3 and the results of computations just presented, we reach the follow-
ing conclusions concerning the orbital stability of Grioli precession for values of the ?arameters 6,
and 6, on the curve y, = n/4. At the points 0@,0® 0 and 07 and in the range (6(5) 6( )) the motion
is orbitally unstable; at the points O, 0™ and O®, the question of stability remains open, at all other
points in the range (5/6, 0.999) Grioli precession is orbitally stable.

The limiting case 0, + 6, = 1. The part of the straight line 6, + 8, = 1 defined by 0.5 <=9, < 1is
part of the boundary of the domain of admissible values of the parameters 6, and 6,. Investigation of
the limiting case 6, + 6, = 1 may prove useful in analysing the motion of bodies which differ only slightly
from a plate lying in the principle plane of inertia Oz, of the body.

The investigation was carried out for values of 6, in the closed range {0.5, 0.99]. In this range, the
function f; + g, is positive for all T (computations showed that f; + g, > 0.147). The variables &; and
1, as in the case when y = n/4, may be introduced by using the change of variables (2.7).

The results of the numerical analysis are as follows. In the range [0.5, O 99] we mark out three points
R®, to which the following values of the parameter correspond: Gb 6,, = 0 74957 6 = 0.75652,
6(3) = (.83902. All ;)omts of the range under consideration except R\" and R® are non-resonant.

In the range (9 9 )), the quantity @ in Eq. (3.1) is greater than unity. At the endpoints R and

R® of that range, A= 2, and in the normal form (3.3) we have the followmg coefficients: & =
k30 = 0, kg = —0.00018 at the omt R® and k5, = 0.00008 at the point R®. The quantity D deﬁned
by (3.8) vanishes at the point R® but is non-zero at all other points in the range [0.5, 0.99].

Based on the material of Section 3, we conclude that in the hmmng case 0, + 6, =1, for values of 6
in the range [0.5, 0.99], Grioli precession is orbitally unstable for 9 <9, = Ob for 8, 3 the
question of stablhty remains open; for other values of 6, regular Grloh precessmn is orbitally stable.
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